Polynomial composition is the operation of replacing variables in a polynomial by other polynomials. This paper studies when Gröbner bases remain Gröbner bases under composition with respect to any fixed term ordering. A complete characterization is given for homogeneous Gröbner bases under an arbitrary grading. This unifies the results of Hong (1998) and Liu and Wang (2006) .
Introduction
Let K be an arbitrary field, and K[x 1 , x 2 , . . . , x n ] the polynomial ring in the variables x 1 , x 2 , . . . , x n with coefficients in K. Theory of Gröbner bases on K[x 1 , x 2 , . . . , x n ] was invented by Buchberger [1] [2] [3] as a basis for algorithms to test the solvability of a system of polynomial equations. Since its invention, Gröbner bases technique has become a powerful computational tool involving polynomial data in science and engineering [4] [5] [6] 11] . Therefore it is significant to study various properties concerning Gröbner basis.
The behavior of Gröbner bases under composition of polynomials was first studied by Hong [7, 8] , and several other researchers [9, [12] [13] [14] , etc. In [15] , the authors studied the problem of the behavior of homogeneous Gröbner bases in the usual sense under composition of polynomials. It is rather natural to ask if the theorem of Hong [8] and that of [15] can be unified under a more general framework.
Let Γ be an arbitrary grading on K[x 1 , x 2 , . . . , x n ]. We consider the problem of the behavior of Γ -homogeneous Gröbner bases under composition of polynomials. Namely, let Θ = (θ 1 , . . . , θ n ) be a list of polynomials in K[x 1 , x 2 , . . . , x n ]. For arbitrary Γ -homogeneous Gröbner basis G under some term ordering, let G * be the set obtained from G by replacing x i by θ i . Then our problem is: under which condition for every Γ -homogeneous Gröbner basis G with respect to some term ordering, G * is a Gröbner basis with respect to the same term ordering?
The aim of the paper is to give a necessary and sufficient condition to the above problem, which may be regarded as a common generalization of Hong's theorem [8] and the result in [15] .
The structure of the paper is as follows. In Section 2, we briefly review the terminology from Gröbner basis theory and state the main theorem of the paper. In Section 3, we present the proof of our main result.
Preliminaries and main result
For Gröbner basis theory, we refer to Buchberger's original papers [1] [2] [3] or the textbooks [4] [5] [6] 10, 11] . For the usage of notation, we follow the convention as in [8] . We first list some notation used throughout the paper. 
lt(f )
The leading term of f under >.
lcm(p, q) The least common multiple of p and q.
lt(Θ)
The list (lt(θ 1 ), . . . , lt(θ n )).
lm(Θ)
The list (lm(θ 1 ), . . . , lm(θ n )).
S(f, g)
the S-polynomial of f and g, that is, 
Moreover, for a finite set
Throughout the paper we fix a term ordering >, and when we say that G is a Gröbner basis we always mean that G is a Gröbner basis with respect to >.
For the convenience of reader, we introduce several general definitions from [8] : Given a Θ, for a specific Gröbner basis G, it may be difficult to decide if G • Θ is a Gröbner basis. Hong [8] proved the following nice result about the behavior of Gröbner bases under composition. A Gröbner basis G is said to be a Γ -homogeneous if every polynomial of G is Γ -homogeneous [5, 11] . Definition 2.5. We say that composition by Θ commutes with Γ -homogeneous Gröbner bases property if for every Γ -homogeneous Gröbner basis G, G • Θ is a Gröbner basis. Remark 2.1. Notice that in Definition 2.5, we require that G • Θ is only a Gröbner basis. Thus we do not need to set a restriction on Θ as in [15] . Definition 2.6. We say that composition by Θ is Γ -compatible with the term ordering > if and only if for all terms p and q, we have p > q, and With above definitions, the main result of the paper can be described as follows:
Theorem 2.2 (Main theorem). For any grading Γ , and any term ordering >, composition by Θ commutes with Γ -homogeneous Gröbner bases property if and only if the following two conditions are satisfied:
(a) composition by Θ is Γ -compatible with the term ordering >; and (b) the list lt(Θ) is a permuted powering.
2 is the main result of [15] .
Proof of main theorem
In this section, we prove the main theorem. We will only give the different points comparing with the Hong's proof in [8] and those of [15] . The difficult part is the proof of necessity. We need to distinguish several cases since different variables x i may possess different weights. In this general case, it is almost impossible to give a uniform counter-example to prove the necessity as in [8] and [15] .
We begin with the following Lemma.
Lemma 3.1. If composition by Θ commutes with Γ -homogeneous Gröbner bases property, then composition by Θ is Γ -compatible with the term ordering >.
Proof. Following the proofs of Lemmas 5.2-5.4 in [8] , the result can be easily obtained. 2
We also need the following two well-known results from [4] :
Lemma 3.2. Let d be the greatest common divisor of f and g. Then {f, g} is a Gröbner basis if and only if lt(
f d ) and lt( g d ) are relatively prime, that is, gcd(lt(f ), lt(g)) = lt(d). Lemma 3.3. Let {g 1 , . . . , g t } ⊆ K[x 1 , . . . , x n ] and 0 = h ∈ K[x 1 , . . . , x n ]. Then {g 1 , .
. . , g t } is a Gröbner basis if and only if {hg 1 , . . . , hg t } is a Gröbner basis.
We fix the following notation for the convenience of discussions below:
where lt(h i ) < lt(θ i ), and lt(h j ) < lt(θ j ). Without loss of generality, we may assume lc(θ i ) = 1 for any i. Proof. Since v j = 0, ∀k ∈ K, {x j − k} is a Γ -homogeneous basis, so {θ j − k} is Gröbner basis. Hence θ j = k, and lt(θ j ) > 1.
First we prove θ j θ i . Suppose otherwise, say 
Then by Lemma 3.3, {f 1 , g 1 } is a Gröbner basis. Let I 1 = Ideal(f 1 , g 1 ), and note that
, and h ∈ I 1 . So lt(f 1 ) | lt(h), or lt(g 1 ) | lt(h).
). From the proceeding proof, we know that lt(q 1 ) and lt(q 2 ), lt(θ j ) are relatively prime. Therefore, lt(q 1 ) m | lt(q 1 ), which is a contradiction to the choice of m. 
Assume that lt(d) 
Case (i). lt((pq 1 ) 2 + (pq 2 ) 2 ) | lt(h). In this case, by (2), lt(p 2 q 2 1 ) | lt(p 2 q 3 2 ). So lt(q 1 ) | lt(q 2 ). This is a contradiction because lt(q 1 ) > 1, and lt(q 1 ) and lt(q 2 ) are relatively prime.
2 ). In this case, we also have lt(q 1 ) | lt(q 2 ), which is impossible.
. In this case, we obtain lt(p) = 1, hence lt(q 1 ) = 1. This a contradiction. 2
With Lemmas 3.7, 3.8, we can prove the following key result. i + θ 2 j , θ i θ j , θ 3 j } is a Gröbner basis. Thus by using the same discussions as those of Lemma 3.7 in [15] to conclude that lt(θ i ) and lt(θ j ) are relatively prime, we refer readers to [15] for details.
( Now we can obtain a proof of the necessity. Proof. By Lemmas 3.5, 3.6 and 3.9, for all i = j , lt(θ i ) and lt(θ j ) are relatively prime. Hence it is easy to know that lt(Θ) is a permuted powering [8, 15] . By Lemma 3.1, (a) is true. 2 Proof. We can follow the proof in [8] as in [15] , so we omit it. 2
